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Throughout this paper, let *V* and *W* be real vector spaces, let *X* and *Y* be a real normed space and a real Banach space, respectively, and let $\documentclass[12pt]{minimal}
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                \begin{document}$$f : V \rightarrow W$$\end{document}$ is called an additive mapping (or a quadratic mapping) if *f* satisfies the functional equation $\documentclass[12pt]{minimal}
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                \begin{document}$$f : V \rightarrow W$$\end{document}$ is called a quadratic-additive mapping if and only if *f* is represented by the sum of an additive mapping and a quadratic mapping. A functional equation is called a quadratic-additive type functional equation if and only if each of its solutions is a quadratic-additive mapping. For example, the mapping $\documentclass[12pt]{minimal}
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In the study of stability problems of quadratic-additive type functional equations, we follow out a routine and monotonous procedure for proving the stability of the quadratic-additive type functional equations under various conditions. We can find in the books (Cho et al. [@CR8]; Czerwik [@CR9]; Hyers et al. [@CR14]; Jung [@CR21]) a lot of references concerning the Hyers-Ulam stability of functional equations (see also Alotaibi and Mohiuddine [@CR1]; Aoki [@CR2]; Baker [@CR6]; Brillouët-Belluot et al. [@CR7]; Găvruţa [@CR12]; Hyers [@CR13]; Mohiuddine [@CR28]; Mohiuddine and Şevli [@CR29]; Mursaleen and Mohiuddine [@CR30]; Rassias [@CR35]; Ulam [@CR37]).

In this paper, we prove a general stability theorem that can be easily applied to the (generalized) Hyers-Ulam stability of a large class of functional equations of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$Df(x_1, x_2, \ldots , x_n) = 0$$\end{document}$, which includes quadratic-additive type functional equations. In practice, given a mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$c_i, a_{ij}$$\end{document}$ are real constants. Indeed, this stability theorem can save us much trouble of proving the stability of relevant solutions repeatedly appearing in the stability problems for various functional equations including the quadratic functional equations (Jun and Lee [@CR19]), the additive functional equations (Forti [@CR11]; Lee and Jun [@CR25]; Nakmahachalasint [@CR31]), and the quadratic-additive type functional equations (see Chang et al. [@CR5]; Eskandani et al. [@CR10]; Jun and Kim [@CR15], [@CR16], [@CR17], [@CR18]; Jung [@CR20]; Jung and Sahoo [@CR22]; Lee [@CR23]; Nakmahachalasint [@CR32]; Najati and Moghimi [@CR33]; Piszczek and Szczawińska [@CR34]; Towanlong and Nakmahachalasint [@CR36]).

It should be remarked that Bahyrycz and Olko ([@CR3]) applied the fixed point method to investigate the generalized Hyers-Ulam stability of the general linear equation$$\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
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We now introduce a lemma from the paper \[Lee and Jung ([@CR26]), Corollary 2\].

**Lemma 1** {#FPar1}
-----------
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We introduce a lemma that is the same as \[Lee and Jung ([@CR26]), Corollary 3\].

**Lemma 2** {#FPar2}
-----------
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In this section, let *a* be a real constant such that $\documentclass[12pt]{minimal}
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**Theorem 2** {#FPar5}
-------------
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**Theorem 3** {#FPar7}
-------------
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-------
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**Corollary 4** {#FPar9}
---------------
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*Proof* {#FPar10}
-------

If we put$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varphi (x_1, x_2, \ldots , x_n) := \theta \big ( \Vert x_1 \Vert ^p + \cdots + \Vert x_n \Vert ^p \big ) \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1, x_2, \ldots , x_n \in X \backslash \{ 0 \}$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi$$\end{document}$ satisfies ([8](#Equ8){ref-type=""}) when either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|a| > 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p < 1$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|a| < 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p > 2$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi$$\end{document}$ satisfies ([12](#Equ12){ref-type=""}) when either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|a| > 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p > 2$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|a| < 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p < 1$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi$$\end{document}$ satisfies ([15](#Equ15){ref-type=""}) when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 < p < 2$$\end{document}$. Therefore, by Theorems [1](#FPar3){ref-type="sec"}, [2](#FPar5){ref-type="sec"}, and [3](#FPar7){ref-type="sec"}, there exists a unique mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F : X \rightarrow Y$$\end{document}$ such that ([11](#Equ11){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1, x_2, \ldots , x_n \in X \backslash \{ 0 \}$$\end{document}$, and ([12](#Equ12){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in X$$\end{document}$, and such that ([26](#Equ26){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in X \backslash \{ 0 \}$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

Applications {#Sec4}
============

In this section, let $\documentclass[12pt]{minimal}
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Therefore, the following theorems follow from Theorems [1](#FPar3){ref-type="sec"}, [2](#FPar5){ref-type="sec"}, and [3](#FPar7){ref-type="sec"}.

**Theorem 5** {#FPar11}
-------------

*Let n be a fixed integer greater than 1, let*$\documentclass[12pt]{minimal}
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**Theorem 6** {#FPar12}
-------------

*Let n be a fixed integer greater than 1, let*$\documentclass[12pt]{minimal}
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**Theorem 7** {#FPar13}
-------------

*Let n be a fixed integer greater than 1, let*$\documentclass[12pt]{minimal}
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**Corollary 8** {#FPar14}
---------------

*Let X be a normed space and let*$\documentclass[12pt]{minimal}
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Assume that the functional equation $\documentclass[12pt]{minimal}
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-------------

*Let n be a fixed integer greater than 1, let*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu : V \rightarrow [0,\infty )$$\end{document}$*be a function satisfying the condition (*[7](#Equ7){ref-type=""}*) for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in V$$\end{document}$*, and let*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi : V^n \rightarrow [0,\infty )$$\end{document}$*be a function satisfying the condition (*[8](#Equ8){ref-type=""}*) for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1, x_2, \ldots , x_n \in V$$\end{document}$*. If a mapping*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f : V \rightarrow Y$$\end{document}$*satisfies*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(0) = 0$$\end{document}$*, (*[9](#Equ9){ref-type=""}*) for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in V$$\end{document}$*, and*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert Qf(x_1, x_2, \ldots , x_n) \Vert \le \varphi (x_1, x_2, \ldots , x_n) \end{aligned}$$\end{document}$$*for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1, x_2, \ldots , x_n \in V$$\end{document}$*, then there exists a unique quadratic mapping*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F : V \rightarrow Y$$\end{document}$*such that the inequality (*[13](#Equ13){ref-type=""}*) holds for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in V$$\end{document}$.
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**Theorem 11** {#FPar17}
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**Corollary 12** {#FPar18}
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**Theorem 13** {#FPar19}
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**Theorem 14** {#FPar20}
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**Theorem 15** {#FPar21}
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Conclusions {#Sec5}
===========

The conditions ([8](#Equ8){ref-type=""}) and ([10](#Equ10){ref-type=""}) are given in the most stability theorems, and we try to prove ([11](#Equ11){ref-type=""}) and ([13](#Equ13){ref-type=""}) for the generalized Hyers-Ulam stability. Unfortunately, their proofs are usually long and tedious.

However, if we confine ourselves to the stability problems of the quadratic-additive type functional equations, then the condition ([12](#Equ12){ref-type=""}) is a direct consequence of ([11](#Equ11){ref-type=""}). Therefore, according to Theorem [1](#FPar3){ref-type="sec"}, it only needs to prove the conditions ([7](#Equ7){ref-type=""}) and ([9](#Equ9){ref-type=""}) by using ([8](#Equ8){ref-type=""}) and ([10](#Equ10){ref-type=""}) for the generalized Hyers-Ulam stability of these equations. In many practical applications, it is an easy thing to show that ([7](#Equ7){ref-type=""}) and ([9](#Equ9){ref-type=""}) are true provided the assumptions ([8](#Equ8){ref-type=""}) and ([10](#Equ10){ref-type=""}) are given.

In this way, we significantly simplify the proof for the stability of quadratic-additive type functional equations. Hence, Theorem [1](#FPar3){ref-type="sec"} has the strong advantage of other stability theorems. The same things are valid for the other main theorems of this paper, Theorems [2](#FPar5){ref-type="sec"} and [3](#FPar7){ref-type="sec"}.
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